To consider the entanglement between the spatial region A and its complement in a QFT, we need to assign a Hilbert space HA to the region, by making a certain choice on the boundary ∂A. We argue that a small physical boundary is implicitly inserted at the entangling surface. We investigate these issues in the context of 2d CFTs, and show that we can indeed read off the Cardy states of the c = 1/2 minimal model from the entanglement entropy of the critical Ising chain.
To consider the entanglement between the spatial region A and its complement in a QFT, we need to assign a Hilbert space HA to the region, by making a certain choice on the boundary ∂A. We argue that a small physical boundary is implicitly inserted at the entangling surface. We investigate these issues in the context of 2d CFTs, and show that we can indeed read off the Cardy states of the c = 1/2 minimal model from the entanglement entropy of the critical Ising chain.
We further show that the choice of the boundary condition at ∂A affects the subleading contributions to the entanglement Rényi entropy, and also point out that the leading piece of the single segment entanglement entropy is proportional to c eff appearing in the Cardy formula instead of c appearing in the commutator of the Virasoro generators in the case of non-compact 2d CFTs.
To define the entanglement of a quantum state |ψ , we often start by saying that the total Hilbert space H is given by the tensor product of the form
The reduced density matrix ρ A for H A is given by
The entanglement Rényi entropy is then
where n can be non-integer, and the standard entanglement entropy is its n → 1 limit. In a quantum field theory (QFT) setup, we usually want to measure the entanglement between the degrees of freedom associated to a spatial region A and its complement B. There is, however, no clear-cut decomposition of the total Hilbert space as in Eq. (1) in general. Quantum spin systems where H A and H B are given by the tensor products of Hilbert spaces associated to sites contained in A and in B, are notable exceptions. There is no such decomposition in lattice gauge theories, and the effect has been discussed [1] . There is no such decomposition in general 2d conformal field theories (CFTs) either.
What is meant by the phrase the entanglement entropy associated to a region A in a QFT in general, then? Here, we propose the following working definition. Pick a boundary condition a at the entangling surface ∂A between the regions A and B. Now, we physically cut the total space into A and B by inserting a physical boundary of thickness ǫ between the two regions, see Fig. 1 . Then we have the Hilbert spaces H A,a , H B,a of the QFT on A and B with the boundary condition a imposed on ∂A. We represent this cutting operation by a linear map
Given a state |ψ ∈ H, the state after the cut is ι |ψ and lives in the tensor product. We can now form the ι |ψ ∈ HA,a ⊗ HB,ā
The cutting operation is given by a linear map ι : H → HA,a ⊗ HB,a. The wiggly line represents "thickened" entangling surface with a boundary condition a specified.
reduced density matrix associated to the region A as follows:
The entanglement entropy with respect to the cutting operation ι using the boundary condition a is then defined by the formula (3). When there is a clear-cut tensor-product decomposition as in Eq. (1) in a ultraviolet realization of the QFT under consideration, the entanglement entropy of ρ A defined by the formula (2) is a special case of the entanglement entropy we defined above, in that the boundary condition a is given implicitly by the decomposition (1) and the cutting operation ι is the identity operator. Even then, the coarse-graining to the infrared should be carefully taken. In order not to destroy the tensor product decomposition of the wavefunction under renormalization, we need to modify the Hamiltonian acting on the time slice when |ψ lives so that there is no crosstalk between H A acting on H A and H B acting on H B . The sum H A + H B would then be different from H A+B on the entangling surface. Then, renormalization with such modification makes ι not to be an identity in the infrared. The resulting boundary condition and the cutting operation can also depend on the choice of the ultraviolet realizations, if there are multiple such realizations that flow to the same infrared QFT. Therefore, we should not expect any canonical choice of the boundary condition to be used in the definition of the entanglement entropy.
In the rest of the paper, we first compute the entanglement entropy defined in this manner for a single segment of length L of any 2d CFT, and show the large L behavior
The leading logarithmic piece reproduces the known universal result [2, 3] . Here, c eff is the so-called effective central charge characterizing the asymptotic density of states of the 2d CFT. The constant term c ′ now depends on the boundary condition, and can be written in terms of the boundary entropy, introduced in [4] . Note that the constant term is now meaningful, since the UV cutoff ǫ in the logarithmic term is defined as the physical thickness of the regularized entangling surface.
The subleading correction of the form c ′′ (L/ǫ) −2∆/n was already discussed [5] ; in our approach, we clearly see which ∆ appears as the exponent, and how it depends on the boundary condition. Next, we confirm these considerations by a study of the critical Ising model, which flows to the c = 1/2 minimal model. In the ultraviolet, there is a clear-cut decomposition as in (1), and the entanglement entropy of a single segment was studied in [6] [7] [8] . By extending their analysis, we show that there is indeed a Cardy boundary condition |σ inserted at the entangling point.
The c = 1/2 minimal model also has two other Cardy boundary conditions |1 and |ε . We show that they correspond in the ultraviolet to a cutting operation where the entangling point is on top of a site such that we observe the spin to be either up or down. We will see that the entanglement entropy computed with this cutting operation reproduces the Cardy conditions |1 and |ε .
2D CFT ANALYSIS
First, let us calculate the entanglement entropy of the single segment for the vacuum state |Ω of twodimensional CFTs. The computation basically follows the one in [2] , except that we have boundary conditions at the entangling surface. Note that in two dimensions, the entangling surface consists of two points. Therefore we can put two different boundary conditions a 1 , a 2 there. Therefore, we use a cutting operation of the form
The vacuum state |Ω ∈ H at the time t = 0 can be prepared by the path integral over the half-plane t < 0. The state after the cutting, ι |Ω can be implemented by inserting two very small physical boundaries of size ǫ at the two entangling points, with boundary conditions a 1 and a 2 specified. Similarly, the bra Ω| ι † can be prepared by the path integral over the half-plane t > 0. The partial trace over H a2,B,a1 is then done by the path integral over the region B. At the end, we see that the reduced density matrix ρ A on H a1,A,a2 is represented by the geometry
The path-integral expression for the reduced density matrix ρA. For two-dimensional QFTs, the entangling surface consists of two points, where different conditions a1, a2 can be specified.
shown on the top of Fig. 2 , where we perform the path integral over the whole plane with two boundaries of size ǫ at the entangling points, with a slit on the segment A.
Using the conformal transformation, the same path integral can be calculated by the path integral over the cylinder with circumference 2π and width ℓ, up to a factor given by the anomalous Weyl transformation. The expression of ℓ in terms of L and ǫ is determined by the particular choice of the shape of the thickened entangling point. Here
) as the precise definition of ǫ. . Now we see that
where Z n is the cylinder partition function with the boundary conditions a 1,2 , such that the circumference is 2πn but the width is still the same ℓ ∼ log(L/ǫ) 2 . We can perform a conformal transformation to make the circumference 2π and the width ℓ/n. This makes the boundary conditions coarse-grained by a scale factor of n. Let us denote the resulting boundary conditions by a (n) 1,2 . We have
where |a (n) 1,2 are the corresponding boundary states. The boundary condition |a (n) i will flow in the limit n → ∞ to some conformal boundary condition. If we insert conformal boundary conditions a i at the entangling points from the start, a
Leading universal piece: Let |0 be the state with lowest dimension that couples to both boundary states |a 1 and |a 2 . For 2d CFTs with discrete spectrum, |0 is the vacuum |Ω , but this can be in general different in CFTs with continuous spectrum. For example, in the Liouville theory with paramter Q such that c = 1 + 6Q 2 , the dimension ∆ 0 , which is the sum of the chiral and the anti-chiral dimension, of the operator corresponding to the state |0 is given by Q 2 /2. Note that for non-chiral operators, the dimension is the sum of L 0 andL 0 . In the limit L/ǫ ≫ 0, the leading piece of Z n can easily be evaluated:
Plugging this into Eq. (8) and using ℓ ∼ log(L/ǫ) 2 , we find
where c eff = c − 12∆ 0 is the effective central charge controling the high-temperature behavior of the cylinder or torus partition function. When |0 is the vacuum, ∆ 0 = 0 and c eff = c. For the Liouville theory, however, c eff = 1 independent of the paramter Q. Subleading corrections: Let us restrict our attention to the 2d CFTs whose primary states are discrete. Let |O be the state with the second-lowest dimension that couples to both boundary states |a 1 and |a 2 . Denote its dimension by ∆ O . Note that by assumption, the lowest state is the vacuum |0 = |Ω . We have
Then the Rényi entropy S n = log(tr ρ n A )/(1 − n) has the expansion
2 ))
when n is much larger than 1. Here, the quantity s(a) = log a|0 for a boundary condition a is the Affleck-Ludwig boundary entropy.
We already discussed the leading logarithmic piece independent of the boundary condition. The constant term, which is now meaningful because the cutoff ǫ is just the size of the boundary inserted at the entangling point, is determined by the boundary entropies.
The subleading correction of the form (L/ǫ) −2∆O/n to the Rényi entropy as in Eq. (13), was already discussed in [5] . We now understand which operator O gives rise to this subleading correction: it is the operator with lowest dimension (apart from the identity) that has non-zero overlap with both the boundary conditions, i.e. a 1 |O and a 2 |O are both nonzero. Therefore, the operator O and the dimension ∆ O appearing in the subleading correction can and do depend on the choice of the boundary conditions a 1,2 . Such dependence on the boundary conditions is noticed in [9] in the setting of the entanglement entropy of the slightly off-critical systems computed in terms of the corner transfer matrix. Here, we directly see its origin in the 2d CFT language.
As a
is obtained by a coarse-graining of a i by a scale factor of n, the n → ∞ limit a (∞) i should become conformal boundary conditions. Let us see this actually happens in the case of the critical Ising chain.
CRITICAL ISING MODEL
The critical Ising model has the Hamiltonian
We introduce Majorana fermion operators γ P,i and γ Q,i with the anticommutator {γ µ,i , γ ν,j } = 2δ αβ δ ij where µ, ν = P, Q. Under the transformation
the Hamiltonian becomes
Here and in the following we use i to denote the imaginary unit. Non-zero 2-point functions of the fermion operators are (see e.g. [6] )
Free boundary condition: We first review the computation of the entanglement Rényi entropies S n with the clear-cut decomposition (1), done in [7, 8] . What we add here is that the Cardy state |σ can be reproduced in its n → ∞ limit.
Take the sites from i = 1 to i = L to be the region A, and all the other sites to be the region B. Then we have the clear-cut decomposition of the Hilbert space as in Eq. (1). The reduced density matrix ρ cc,A (where cc stands for 'clear-cut') can be reconstructed just from the fact that the Majorana fermion operators γ P,i , γ Q,i for i = 0, . . . , L have the 2-point functions (18). By blockdiagonalizing the 2-point function in terms of an SO(2L) matrix, we can write the reduced density matrix as a collection of free fermion modes with occupation numbers given by ν i :
and we can compute the entropy from this. In [6] the von Neumann entropy was computed numerically and nicely fitted to (c/3) log L with c = 1/2. This behavior was later proved in [7] , using the fact that the matrix ρ cc,A is a Toeplitz matrix, whose asymptotic behavior of eigenvalues is known mathematically. We denote the characteristic polynomial of
As explained there, the generalized Fisher-Hartwig conjecture states that
where β λ = (2πi) −1 log λ+1 λ−1 and G is the Barnes Gfunction. We choose the branch of the logarithm so that |β λ | ≤ 1/2. Note that the sum over m is the sum over the branches. For the status of the generalized FisherHartwig conjecture, see e.g. [10] . We expect that the ratio of the left hand side and the right hand side is
In terms of D L , we can write the Rényi entropy as
where s n (λ) = 
where ψ is the digamma function and X w = (Γ(
Here, the logarithmic term andŝ n come from the m = 0 term andš n come from the terms with m = ±1 in Eq. (20). Now we can extract the cylinder partition function by keeping the terms of the form L −α/n in the asymptotic expansion in L. First, we see thatŝ n =ŝ ∞ (1 + 1/n) + O(1/n 2 ). By comparing with Eq. (13), we conclude s(a (∞) ) = 0. Not only that, we can reconstruct Z n fully:
where we used X (2i−1)/(2n) → 1 when n → ∞. Recall that n acts as the coarse-graining of the boundary condition, and therefore we expect that the boundary conditions to flow to conformal ones. And indeed, the expression (25) is exactly the cylinder partition function with the Cardy state |σ , with the modular parameter q = (4L) −2/n . To see this, recall the expansion of the Cardy states |1 , |ε and |σ in terms of the Ishibashi states |1 , |ε and |σ :
Then
, which is exactly Eq. (25). Here χ 1,ε,σ (q) are the Virasoro minimal characters for the three primaries.
Fixed boundary condition: Next, we calculate the entanglement entropy with the other cutting operations, involving observations of the spin at the entangling points. Namely, we put the entangling points on top of the sites i = 0 and i = L, and introduce projection operators proportional to
We let the operators γ P,i , γ Q,i from i = 1 to i = L − 1 together with γ Q,0 and γ P,L to be the operators observable in the region A.
The density of states after the projection is given by
up to normalization. The expectation value of any observable O is then given by tr ρ ±±,A O/ tr ρ ±±,A . The terms which include only one σ z does not contribute because σ z consists of infinitely many fermions. The prod-
which is the chirality operator Γ of the SO(2L) gamma matrices γ Q,0 , . . . , γ P,L . Therefore, in the basis where
where the ± sign on the right hand side is the product of the ± sings on the left hand side, and
We can compute the asymptotic behavior of U n (L) := log tr ρ n cc,A Γ as before. We have
where u n (λ) = log((
and C is the same contour as before. We added a small positive imaginary part iδ in the argument of u n (λ) to deal with the branch cut in u n , and we take δ → +0 later. At the end of the day, we have
Here, the logarithmic term andû n come from the m = 0 term andǔ n come from the terms with m = ±1 in Eq. (20). To computeǔ n , we perform a partial integral as in [8] , and pick up the poles of du n (tanh πw)/dw = n(coth nπw − tanh πw). The poles of coth at w = ±ii with i = 0 combine to give the factor log(1 + (4L) −2(2i)/n X i/n ), and the pole at w = 0 give (log 2)/2.
Plugging this into Eq. (30) and comparing with Eq. (13), we find that, when n is very large,
−2/n . This reproduces 1|q L0+L0 |1 or 1|q L0+L0 |ǫ , depending on the choice of projections in Eq. (27).
Finally, let us consider what happens when we use the clear-cut operation on one entangling point and the projection (1 + σ z )/2 on the other entangling point. In this case, the observables are generated by 2L + 1 gamma matrices γ P,i and γ Q,i , acting on the Hilbert space of dimension 2 L . To obtain the reduced density matrix, note that the expectation value of a polynomial O of these gamma matrices is O(1 + σ z )/2 , but the term involving σ z simply vanishes. Then the Rényi entropy is given by Eq. 
when n is very large. This reproduces σ|q L0+L0 |1 = (χ 1 (q 2 ) − χ ε (q 2 ))/ √ 2.
FUTURE DIRECTIONS
Let us close the note by discussing some future directions the readers should pursue. First, the generalization to the entanglement entropies of two or more intervals and the mutual informations would be worthwhile. Second, our proposal applies in principle to QFTs in any dimensions, and it would be interesting to carry out explicit computations in higher dimensions. Third, in the holographic analysis of the entanglement entropy as in [11] , the fact that there is no tensor-product decomposition such as Eq. (1) is often neglected. This does not affect the leading piece of the entropy, but the issues discussed in this note might become non-negligible when one is interested in the subleading part of the holographic entanglement entropy, in particular if one wants to use it to better understand the gravity side. Also, a clear-cut tensor product decomposition like Eq. (1) of the total system is often assumed in the study of the black hole firewall paradox; the absence of such decomposition might play a role in the resolution.
